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1. PART TWO \S 2 3 $\mathfrak{j},$ $\mathrm{a}$ Proposition 1 1
$. \sum_{\iota\cdot=1}^{n}\sum_{s=1}^{n}\uparrow n_{rs^{\mathit{1}}}\mathrm{V}_{r}N_{S}$
$\sum_{\tau\cdot=1}^{n}\alpha_{r}\frac{dN_{r}}{dt}\leq..\sum_{l=1}^{n}\alpha_{7}.\epsilon_{7}.\wedge/\backslash _{r}^{r}$
$\epsilon_{r}<-\epsilon_{\dot{J}}$ $(r=1,2, \cdots 3n)$
1 Proposition 0 Proposition
: $\mathrm{A}\mathrm{I}$) $1$} $\mathrm{e}\mathrm{n}\mathrm{d}\overline{\mathrm{l}}\lambda$. \S 3
$‘\sim^{l_{\frac{dN}{dt’}}}.\cdot$ $=$ $( \epsilon_{r}-\sum_{\epsilon=1}^{;\iota}.p_{rs}\Lambda_{s}^{r})\mathrm{A}_{r}^{\Gamma}$ . $\epsilon_{r}$ $\ovalbox{\tt\small REJECT}.\ovalbox{\tt\small REJECT} r$ $\hslash^{\backslash }\mathrm{J}$ i\Xi - $p_{rs}$ $=$ $\alpha_{s}\gamma_{\Gamma}$ $a_{s}’$










PART TWO \S 7 2
1
Proposition 1 (ii) PART TWO \S 7
2
2. $(\mathrm{B})^{4}$ (PART TWO \S 2 2 )
$\beta_{7}.\frac{dN_{r}}{dt}=(\epsilon_{r}\beta_{r}+\sum_{s=1}^{n}\mathit{0}_{sr}\mathfrak{l}\cdot N_{s})\wedge/\mathrm{V}_{r}$ , $(r=1_{7}\underline{?}_{7}\cdots, n)$ (B)
$a_{T\mathrm{S}}=-\iota\iota_{6’\Gamma?}.a_{\gamma\gamma}.$ . $=0$ .
$.. \sum_{1=1}^{\prime\iota}.’\beta_{\Gamma}\frac{dN_{r}}{dt}=\sum_{r=1}^{lL}.\epsilon_{7}.\mathcal{B}_{r}N_{r}$.



















$\frac{d^{2}N_{h}}{dt^{2}}.|_{t=t_{0}}$ $=0, \cdot\frac{d^{3_{\mathit{1}}}\mathrm{V}_{h}}{dt^{3}}.‘|_{t=t_{0}}$ $=0_{7}$ . . .





















$=\tau_{1}.$. $- \sum_{s=1}^{7l}p_{rs}\frac{1}{T}\int’\mathit{1}^{\cdot}f\backslash ^{\mathrm{r}_{s}}dt.$ .
$i\backslash ^{r_{T}}$ 2 $T$
0














$F= \sum_{r_{-1}^{--}}^{n}\sum_{s=1}^{n}\alpha_{r}p_{rs}N_{r^{\lrcorner}}\mathrm{V}_{s}=\sum_{-1}^{n}\sum_{sr-=- 1}^{n}\alpha_{r}.\frac{m_{rs}}{c\ell_{r}}.N_{r}l\backslash r_{s}=\sum_{r=1}^{n}\sum_{s=^{-}1}^{71}\alpha_{r}\omega_{rs}\mathrm{A}_{\tau^{\acute{\grave{\lrcorner}}}s}^{T}’$ ,











7. PART ONE \S 2 1 2
$\epsilon_{1}-\gamma_{1}l\backslash r_{2},$ $-5_{2}+\gamma_{2}^{r}N_{1}$
$\mathrm{z}4_{2}^{r}$’ $N_{1}$ $F_{1}$ (N2) $F_{A}’(\Lambda_{1}’)$











$\frac{d\mathrm{A}_{r}^{\gamma}}{dt}=f_{r}.(N_{1}, I\mathrm{V}_{2}., \cdots, N_{\uparrow\prime})N_{r}$ . $\langle \mathrm{F})$
$\phi_{1}(\mathrm{A}_{1}^{\Gamma}),$ $\phi_{2}(N_{2}‘),$ $\cdots\}\varphi_{n}^{l}(N_{n})$ .




$e^{\prime\oint f}e.\lrcorner \mathrm{e}^{4’’?l}1(N_{1})\psi\underline{\cdot\}}(N_{2})\ldots(\mathit{1}\backslash ^{r_{\mathfrak{l}b}})=co?l,\mathrm{b}^{\mathrm{J}}ta\tau\iota t$
$\psi_{r}(\mathrm{A}_{\mathcal{T}}^{\gamma})=\mathit{1}^{\cdot}\frac{\phi_{r}(N_{r})}{\lrcorner i_{l}}..d\mathit{1}\mathrm{V}_{\Gamma}$.
$f_{r}( \Lambda^{\gamma_{1}}, N_{\mathit{1}}., \cdots, \lrcorner \mathrm{V}_{n})=\sum_{s=1}^{\mathit{7}l}F_{rs}(_{\mathit{1}}\mathrm{V}_{1}, N_{arrow J\backslash }.\ldots, N_{n})(\beta_{s}(N_{s})$






$=N_{7^{\backslash }} \sum_{s=1}^{n}F_{\epsilon}.,\backslash (N_{1}, N_{2}, \cdots, N_{n})\oint_{\mathrm{J}_{\delta}}(N_{s})$ .
$’\psi_{J_{r}}$
$N_{r} arrow 01\mathrm{i}\mathrm{n}\psi_{r}(N_{r})=\infty,\lim_{\mathrm{A}_{l}’.arrow\infty}\psi^{/}’ r(N_{r})=\infty,$
$(r=1,2, \cdots, n)$
PART TWD \S 3 1
( :Appendix \S .4 )
\S 2.
1.






$g_{r}’,$ $g_{7}’’.$ , (E)
$\frac{dN,}{dt}$
.
$=(\epsilon_{r}\dashv- g_{7}’\mathrm{c}.0.\mathrm{s}$. $h.t+g”,.$. $\mathrm{s}\mathrm{i}_{11}kt-\sum_{s=1}^{n}p_{rs}N_{S)}-b_{\Gamma}^{\Gamma}$. (G)
$(4\cdot 4)^{7}$
$\frac{cl\gamma l_{r}}{dt}=(\iota J_{r}’\cos ht+g_{r}’’\mathrm{s}\mathrm{i}_{11}\lambda^{J}it-\sum_{s=1}^{7l}p_{rs}q_{s}(r\iota_{\iota}.\mathrm{q}-1^{\cdot}))7t_{\Gamma’}$
$q_{6}$
$.r\iota_{S}=1+’\ell/_{\delta}$’
$g_{r}^{l},$ $g_{r}’’,$ $l_{T}’$ 1
(49) 8
$\frac{d?J_{r}}{dt}=g:\mathrm{C}^{\cdot}\mathrm{O}_{\mathrm{t}}9kt+g_{r}’’\mathrm{b}^{1}\mathrm{i}\mathrm{n}h^{\wedge}|t-\sum_{s=1}^{n}p_{\tau s}q_{s}v_{\mathrm{S}}$ . (51)
$g_{\tau}’-ig_{r}^{t/}=G_{r}$
$9\text{ }$















$A_{r}+ \sum?l$ $p_{rs}q_{S}A_{S}=G_{r}$ $(^{\ulcorner}.\mathrm{J}’4)$
$\delta=1$
$A,,$.
$\frac{\mathrm{i}k^{1}}{\zeta \mathit{1}1}+p_{11}$ P12 $p_{13}$ $p_{1n}$
$p_{21}$. $\cdot\frac{ik^{n}}{q_{A}}+p_{\underline{J}2}.$. $p_{23}$’ $p_{2n}t$
$q_{1}q_{9}\sim\cdots q_{n}$
$p_{31}$. $p_{\mathrm{d}l}$. . $\frac{ik^{\eta}}{q_{l}}.+p_{\delta 3}.$. $p_{\dot{i}}tn$
.$\cdot$. $\sim.$. .$\cdot$
. . .$\cdot$.








$\frac{\underline{?}\pi}{k^{F}}$ F-t{ $\backslash /^{\backslash \backslash }\mp_{\wedge \mathrm{J}\mathrm{u}}^{\mathrm{B}}\in \mathrm{t}$














. . . .$\cdot$..
$x$
.




1. (E) $\llcorner_{\uparrow}\circ$. $- \sum_{s=1}^{n}p_{rs^{\mathit{1}}}\mathrm{V}_{S}$ 1
11




$(?\cdot=\tau rl, +1_{:}\cdots, ?l)$
$\mathrm{I}\mathrm{f}\mathrm{i}$
$\overline{c}_{r}-\sum_{s=m+1}^{7k}p_{rs}N_{S)}(r=1,2, \cdots, 7/\cdot \mathrm{t})$
$\mathrm{m}$
13 (c.f.PART TWO \S 7 1)
2.
$\ovalbox{\tt\small REJECT}$ . $=q_{r}+4^{f}.’\cdot,$ $(r=r\prime r\iota+1, \cdots, n)$
(E)
$(i=1,\underline{?}, \cdots\prime 7\Gamma l\cdot)$ (55)$\frac{dN_{i}}{dt}=(\acute{\mathrm{c}}_{i}-\sum_{s=1}^{m}\dot{?}risN_{S}-\sum_{l=r;\iota+1}^{n}pil(q_{l}+v_{l}))N_{i_{1}}$
$\frac{dv_{r}}{dt}=(-.\sum_{\mathfrak{l}_{-}^{--m+1}}^{n}.p_{\tau l}\tau _{l}-\sum_{s=1}^{m}I^{J}rsN_{\mathrm{S})}(q_{r}+v_{r}),$ $(7^{\cdot} =m+1, \cdots\dot{\prime}\gamma l)$ (56)
llthe gross rates of growth
$1^{\cdot}\mathit{2}\mathrm{t}\mathrm{h}\mathrm{e}$ net l.ates of $\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{v}’\mathrm{t}\mathrm{h}$
$1i’ \mathrm{t}\mathrm{h}\mathrm{e}$ virtual growth rate
.1 $3\mathrm{B}$
1
$\frac{dl\mathrm{V}_{i}}{dt}=(\epsilon_{i}-\sum_{l=m+1}^{n}.p_{i\mathit{4}}q_{l)}N_{i},$ $(i=1,2, \cdots\dot{\prime}7tl)$ (57)
$\frac{d\mathrm{c}\prime_{r}}{d_{1}t}=-\sum_{l}^{n}p_{rl}q_{r}v_{l}$.$- \sum_{sl=\prime\prime\prime+1=1}^{?n}p_{r\mathit{5}}q_{T}\Lambda_{s}^{\Gamma}$ , ($r=m+1,$ $\cdots$ ; (58)
$\epsilon_{i}-\sum_{l=m+1}^{n}p_{il}q_{l}=-n_{i:}$ $(i=1,2, \cdots, 77l)$
2
$\mathit{1}\mathrm{V}_{i}=N_{l}^{0}e^{-}n_{\mathrm{i}}t.$ , $(i=1,2, \cdots, m)$
$N_{i}^{0}$ $N_{i}$. (58)
$\frac{d_{1_{r}’}\prime}{dt}=-\sum_{\mathit{4}=m+1}^{n}p_{r}\iota^{\zeta}lrv_{l}-\sum_{s=1}^{\tau n}\mathit{1}^{\mathrm{J}_{T\delta}l}l_{T}N_{h}^{\text{ },-n_{\mathrm{s}}t}.‘)$ , $(\tau\cdot=rlr\iota+1, \cdots, r\iota)$ (59)
(59) $n-m$
$v_{r}=f_{r}.(t)$
$\frac{d\mathrm{c}/_{r}}{dt}.=-\sum_{l=n\mathrm{z}+1}^{n}p_{rl}q_{r}v_{l_{?}}$ $(r=m+1, \cdots, n)$
$q_{r}+f_{r}$ $\uparrow\cdot\iota-r;\iota$
(59)











$q_{m\dashv 1^{\backslash }}’$. $\cdots,$ $q_{n}’$ $m+1,$ $\cdots 1n$ $\mathit{1}\mathrm{V}_{n\iota+1},$ $\cdots,$ $f\mathrm{V}_{n}$
$\llcorner c_{i}-\sum_{s=1}^{n}p_{\dot{7}s}.\mathit{4}\mathrm{V}_{\mathrm{S}}=\sum_{s=1}^{n}p_{is}(q_{s}-N_{s})_{J}$. $(i=1,2, \cdot\sim\cdot,7l)$
$\epsilon_{\Gamma}-\sum_{s=1}^{n}\mathit{1}\prime^{7\backslash }\uparrow\cdot s^{4}’ s=\sum_{s=1}^{n}p_{rs}(q_{s}-\mathrm{A}_{s}^{\gamma})=\sum_{\iota=1n+1}^{n}p_{rl}.(q_{l}’-_{\mathrm{A}}^{\mathrm{i}}\backslash _{l}^{7})-\sum_{s=1}^{m}p_{rs}\mathrm{A}_{S}’$, $(7^{\cdot} =7^{\cdot}r\iota+1, \cdots.\prime 7l)$




$F(q_{1}- \mathit{1}\mathrm{v}_{1}, \cdots\prime \mathit{1}cn-\mathit{1}\mathrm{V}_{n})=\sum_{i=1}^{m}\alpha_{i}(\mathrm{L}\mathrm{r}_{\mathrm{i}}-\sum_{s=1}^{n}p_{is}N_{\mathrm{S})}.(q_{i}-i\mathrm{V}_{i})$
$+ \sum_{r=m+1}^{n}\alpha_{r}\{_{l=m+1}\sum^{n}p,..\iota(q_{t}’-\wedge l\backslash _{l}\prime\prime)-\sum_{s_{--1}^{-}}^{rn}p_{rs^{\mathit{1}\eta_{s}^{r}}}\}(q_{r}-\Lambda_{r}’)$




$\epsilon_{i}-\sum_{s=m+1}^{n}\acute{z}’JisCl_{\delta}’$ , $(\mathrm{i}=1,2, \cdots, \uparrow n)$
\S 4.
1. $\mathit{1}\mathrm{V}_{1},$ $N\underline{\eta}_{\dot{J}}\cdots,$ $N_{n}$












$F(X_{1}, .lL_{\mathit{1}}^{\cdot} \cdot, \cdots, x_{n})=\sum_{r=1}^{n}\sum_{s=1}^{n}7^{\cdot}l\cdot\iota_{rs’}x_{r}x_{s}$ ,
$\gamma\Gamma l,\mathrm{b}$
$\alpha_{1},$ $\alpha_{2},$ $\cdots\urcorner \mathit{0}\dot{\mathrm{j}}n$
$F$
$\epsilon_{r}-\sum_{s=1}^{n}p_{rs}\mathit{1}\mathrm{V}_{s}=\sum_{s=2}^{\mathrm{n}}p_{rs}(q_{s}’-[perp] \mathrm{f}\forall_{s})-p_{\Gamma 1}\Lambda_{1}^{\Gamma}$
$= \sum p_{rs}(q_{s}-t^{7\backslash r_{s}})n$ , $(; =2,3, \cdots\backslash ?1)$
$s=1$
$c_{1}.- \sum_{s=1}^{ll}p_{1s}.\mathit{1}\mathrm{V}_{\grave{\mathrm{L}}}\cdot=\sum_{s=1}^{n}p_{1s}.$( $q_{S}$ $b.$ )
$\epsilon_{T}-\sum_{=^{1}\mathrm{S}[perp]}^{n}p_{T\mathrm{S}}N_{s}=\sum_{s=1}^{n}p_{rs}$ ( $q_{s}$ $s$ ), ($r=1,2\}\ldots$ :
$\epsilon_{r}-\sum_{s=2}^{n}.p_{rs}\mathit{1}\mathrm{V}_{\mathit{8}}=\sum_{s=2}^{?l}$
.



















$.\tau_{7}$. $\overline{c}_{r}$ $a_{rs}$ $\mathit{0}_{rs}$.
(PART ONE \S 4 7 )
(50) $\mathit{1}=t_{\mathrm{U}}$ $t$ $t_{\mathrm{J}}‘+t$. –t
2 $\tau$. t
1
PART THREE \S 1 3 Proposition





$T$ $N_{1:}’N_{A}’.,$ $\cdots,$ $\wedge\check{\prime}n$’ $T$ $N_{1\backslash }N_{2},$ $\cdots,$ $N_{n}$
$N_{1}’,$ $N_{2}’,$ $\cdots,$
$f\backslash _{7l}^{\gamma/}$ $A/\mathrm{V}_{h}’=0$



















(PART TWD . \S 2 1 )
